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&1, Introduction

Linear algebra has played an important part in both the theary of
groups and in the study of graphs, Linear algebra is applied to the study
of groups by investigating the representations of a group (see [?], for
examplel. The adiacency algebra is the starting point Tor applications of
Hnear algetra to the theory of graphs (2] and [8]1.

The theory of group representations is deeply intertwined with the
study of certain semi-simple matrix algebras {group algebraz). One may
apply these algebras to the study of combinatorial configurations -- even
1 there is no obvious group at hand. This 13 "group representation
without the group” (012), 11Z] [1al, 117], 118], and [19]).  Specifically, a
tactical configuration has a flag algebra which 15 the homomorphic
irmage of a group algebra.

Thi= paper reviews the theory of flag algebras of @ general
tv, bt s+ 1) tactical configuration, relying heavily on Ott and Liebler's
notes ([17] and [13]). The main result (Theorem 4.6) gives an explicit
formula for the element T generating the kernel of the homomaorphism
from the group algebra CD o to the flag algebra &. 4 1s the focus of
this paper; the basic results are stated without proof., & more detailed
treatize on this subject will appear elsewhere.

A& combinatorial structure also has an associated graph (the Lew

graphy and the Uinear algebra of graph theory may be applied.  There ig
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considerable overlap in the linear algebra of the associated graph and
that of the group representation.

‘our definitions and notation follow Dembowski ([9]. Points are
represented by small letters such as "x" and "Y'y blocks will be
representad by capital tetters. If (x,x} is a flag, then ¥ and X are said
to be incident and we write xFX (or XFx).

The flag_vector cpace CF, iz the set of all functions from £ to the
complex field €. €F is a |F|-dimensional vector space over € with 3
distinguished basis labeled by the flags; for an element f of F, we defing
the distinguished basis element 1 by fiki=11f b= f, and {th)=0if h = 1.
Thig vector space is endowed with 3 natural Euclidean inner product for
which the basis {f : feF} is orthonormal. The function T reprasents the
orthogonal projection onto the !-dimensional subspace generated by [
(thus, for any linear transformation ¢, {npPith) represents the "weight”
Pih) gives to ).

A walk of length n, from » to y {in a graph) iz a sequence of

VEITICES X = Kga Xys gy wes Ko s By = Us SUCH that G0, ) 15 an edge, for

oy e

all i (0 <1 =n-1). A trail is a walk in which no succeszive edges are

equal. A walk is closed if % = 4.

§2  The Levi graph and the flag graph.
Given a (w,b,it+1,5+1) tactical configuration, a bipartite graph i
created as follows: The vertices are the elements of FUB, and the edges

are the flags F. This graph is called the Levi graph of the dezign ({&],
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Another graph we may assaciate with a tactical configuration is the

Tlag qgraph; it has vertices F oand two types of edges, t-edges and

@Y

we call two flags (%) and (YY) v-adjacent if x=y; they are

I_||

J-gdges,
J-adjacent if X=¥. ‘we call the flags adjacent 1f they are gither v- ar
J-adjacent. This graph iz the line graph of the Levi graph.

The cligues of the flag graph are precisely those sets of flags of

the form

Yo fived) or {{x, X} ¥ fixed}, These cligues correspond to
the points and blocks, respectively.

Every zemiregular graph (8], p. 62) is the Levi graph of & tactical
configuration and every Lewl graph of a tactical configuration is semi-
regular. The Lewl graph has even girth. For a given tactical configur-
ation the drameter of the Lewi graph 1s equal to, or one more than, the
drameter of the flag graph.

The flag graph 15 the line graph of the Levi graph and co their
spectra are relatad, If N1z the w=b incidence matrix of the tactical
configuration then TLR T square vxy matrix and we may study the

spectrum of i

wWrite the spectrum of it as
0, ng = (e+ 1L+ 1], my, n:, Nzs wees M
W=l pr 1, My My, Mz Mz ey My

for some k, where p+1 represents the rank of Mo The sum of the my 13

The r11

fod}
on

p+i. The trace of T [F) o= witel) = Tmn.

i are positive

they are nonzero eigenvalues of a semi-definite matns,

The vertices of the Levi graph may be ordered zo that the adjacency
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L = 0 M
! 0
Then L2 = NH' & MM, The spectrum af LE ig then

0, (s+10t+1], My, M2, N2y ey M

bey-Zip+1l, 2y g, 2Zms, 2ma, 2ry,

Theorern 2,16 in [8] {p. 62) relates the spectrum of a sermreguiar
graph and 1tz Tine graph.  As 3 consequence, the spectrum of the Tiag
graph is

-2, t-1,

L)

-1, s+t dAroots of Da-se D=t biongd

'.;'(t+1t)—‘\-‘-tl+t'['l[., '-.-'—i":}‘:w]jl, b-(}'ﬂl;‘l, Mg, {ml-: iz, 2, .., ki
The flag graph 13 regular with valency s+t 20 g s the number of

components of the flag graph.

Therse are several natural relations on the flags F oof a3 factiosd
configuration. There 13 the relation
the collection of T-gdges,

the collectionof G-

o
(g
=
)
o

Define 3 o, -path to be a path of length nosuch that e:

edge atternates from o to v oand the 1ast edge 15 3 O-edge. Shmiiarh
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We define the operator & on ch by, for 1 £ F,
Sify= S h Qif,he S N
Similariy define © on cf by, for f e F,
vfi= 2 h fif,h) e Th
wie extend these defimitions to all of ©F by tnsisting that they be hinear,
k Hopefully there will be no confusion between the ggerafor O and the

1.
U

irequiar The flag algebra &= Envi{o, v} ie generated by all linear combinations

the 11a1 of products of o and =,

Lo

Lemima 2.0, % = (a- 103 + 51 and 728 = (=100 + 11,

t*‘ ‘ ‘:"rli}

ki _ _
Atbreviate o, for Jvord.. bwhere n is the number of terms)

imper of
Sirlarty, et v stand for

From lemma 2.1, both @ and © are

vertible,  we extend the subscript fo the Tull set of integers by

defiming oy = v, = 1, and:

~Fee T -2k

tyrtisal
Ae collect formutae mplied by Ternma 301 and the above definitions,
Coan wWrite %= 1 Sooand YL =L - il Ty -3l namhers
WOte o= T, T and Y, = T, - F . Then, Tor all natural numbers o,
=, HE
. EAR v —
fiTER R
LI ("}:, 1= 1 J;\’}*{':t"fi -1 -1
miariy, 2 and
RS Faz
..... Ty T
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(3.4 :K:‘i:.r,:}:-\[:Hi‘+{,jt_3)/g};><].+-{{t+5-2)/‘2}*-.,xi,,_{,:-r_—zs ‘_‘-I’{t&‘ﬁ,-'g-:.'w"i_‘

Comparing (3.3} and {3.4) to (3.1} and (3.2 motivates the following:

(3.5)  2vi, =Xy e BDIYX)

i ]
and

= WK+ -0y

(3.6) %5

1"1"], for all natural numbers 1 and §.

2%i4
Write {a,t\]]- for the number of walks of length § from a to b in the
Levi graph and write [a,b}}»* for the number of trails of length j from 3

to b in the Levi graph, (In Neumaler's paper [15], i:z;.i;\‘:]z‘]” is denoted by

1.1

cr.]-[‘m‘,?*i]_: [welas in written P)»[:f:_.;{]_. and 14,2

21 55 1% written qil

Some remarks about this notation [:a,:a}j will be f

f cloged walks of length j contaimng the verted a. For a pair of points

e the number

o)

tar blocks) «, g, we assume [yl = '3‘:4‘4 rwhare § 13 the Kronecker deltal

Lemma 3.2, Let T =

A3 oand go= Ly e two flags. Then for any
narmegative number 1,

Be Mgl¥aipy =Yoo (M0 = Toylyy - 1Y)

anid

b. m, O oan =0 = Tulag - Blag s

g 214z

_____ -
y

The above iemma emphasizes the combinatorial stomificance of the

terms 5 in the algebra &, when 1 i3 3 AR

1

positive, we may rewrite v,

jin terms of Y
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Lemma 2.2, For all integers i,

1 \
(a) gy = (1)

and

l:,tl:' 1f 5 =t then ‘-.l.:‘_i,zi*l:' - —I:tj]“l-,'ﬁ‘]*']‘)i]fzi*’l.

§4.  The irreducible representations of €D and 4.

Both o = {203/ 05+ 1i-(a-13/(s+ 1) and § = (2%)/(t+1)-(1-13/(t+1) are
wolutions, This implies & 13 a homomorphic image of €D, the group
algebra of the infirite dihedral group D= <«, B @ o = & = 1= With
this natural  homomorphism, T will  abuse accepted mathematical

standards and view o, £, J, and T a3 being in £75%080 CDW -

The representations of CO_, are known:

{3l The linear representations of Ch,, are

H_’:‘i:'_- A 1 s 5 . N N

1 - | ,

i | , . |
fbr The irreducible nonlinear representations of CO are of degree
twio, and are parametrized by 3 real number & (O<g<27),  Define

={zete 1301+ 003 80/ 2 = {2+ 1{t+13{cos ©/2)2.  Each representation 13

i
i IH » ! J

aquivalent to:
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we(u) = 3 0 and gl T -1 1

Passing from CD_, to &, some of these representations dicappear.

In [13} the representations of & are defermined. That result s

summarized below,

Theorem 4.2, (Lieblery If the tactical configuration iz connected and the

incidence matriz has rank  p+l, then the representation 3, has
multiplicity 1, &; has multiplicity [F[—D—'-;H, Ay has multiphicity
b-1-p, and &y has multiphicity v-1-p. The sum of the multiphicities of
the representations of degree 2 15 p, Conjugate algenvalues of we i
nccur to equal muitiphcities,

Compare this result to the spectrum of the flag graph in section 2.
LI+ ) 15 the adjacency matris of the flag graph and o the ng above

correspond to the ny in section 2.

Define fyan & (or CO_1 by sething fy= ¢

+3. - (-1 - fs-10n o+

stel-ng. Then fy annihilates the subspace affording the representation
vy and acts ke I'.n,P—ne_‘.lI on the subspace affording wgp. [t actsz as

L+ 1{t+1)-ng )] an the cubspaces affarding ay and ap. It acts hbke -ngl
on the subspaies affarding the representations jq and sy MNofice that

- -1
fg = Op + s+ tongll + 513, e Tyt lartengl v stvo T 1s symmetnic

158




appear.

sutt s

. above

-1+

rtation

Lemma 4.5, Lat ft = o 4 faviongdl st

ndp and T Label the ng 3% ny, Ny, .., iy and the corresponding fe as

Ty oy sy fi::' The =et {f1:1:1, ...k 1s in the center of &. From this we

+ Eit."l"x Py

| =<

note that | f,= j+2* La+t-n; I

Define g, = (T-0) =¥y, g3 = {0-s){v+l), @ =iv-1){o+1), and

o,

Qq=(0T-TTi=Y, We define a special operator T as follows. If duml &)

= 4y {j=2 or 47 then define 1 = g]-(ﬂf‘-_‘.l. It dim{ &= 4k+32 and t=s,

define 1 = gzl T If dim{ &) = 4k+3 and t < 5, define 7 = g3"{T1,).

i3 = 0 in &  {and thus is in the kernel of the natural
homormorphism fram CO to 40

ibl If & has k nonlinear representations then gg(TTf,) = O Gin A0

Fraof, “erify these results on each of the irreducible representations, |

Theorem 4.4, & iz isamorphic to CO A==,

Procf, The dimensian of & 15 equal to the dimension of CO/<f=. |

Let TU! represent the symmetric palynomial, all of whoze terms are

of degree 1,n the b vanables ingng,.and. We agree to st I‘L“ to zers

1§

toetther V=0 or 1=k addition Ft:.l] =

The coefficient
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k k
0f Yipop (k2 m 2 k) in ¥, TTfy is S (stk-m*] Clk-m+2j, 1) I‘k”“_ﬂ.
* B 1=0

k k
Proof. The coefficientof (t)™ in Tty is Tist)¥ ™I cik-me2y,1y 1, M72),
8= j=0

Now the fq are unchanged by interchanging o, and t; and the f, comrmute

with the .. Thus we may multiply er By ¥y = T=Ty,

distribute v, and
T, and reassernble our answer, choosing ©, or <; a3 the situation
requires. |

e have, by lemma 2.2, 3 combinatorial significance to v,

i where

s positive. By lernma 2.3, we may transform Y_; into ¥y

i certain
situations., If dim{# ) 15 4k+Z or dk+4, we have A isomarphic fo

CD,, /<> where 15 ¥[lfy ar ¥,0fy, and so we may calculate f

explicitly in terms of the ¥, The result is summarized below.

Theorem 4.6.

(3) Suppose dim{ #) = dk+d. Then T = Yoy o + (T} 10V +

k-2 Likem)/2 Likem-23/2]

LVZmQ 'L/i‘(gt)J‘m|j:(2]—rr;,])1‘kk'2'i*m - L‘J(_-;t}-‘"‘E:(,Qj+n‘u+2,])f‘kk‘31'ff"2j.

m=0 J=m 1=0
(b) Suppnse dim(#) = 4k+2. Then [ =y 4 +
k- Likem)/2] Likem-13/2]

N F. N, M Smrp - s N _~ T - _ N I 3
S oy U L2 =m, 0T Jo20m = 2 (BT eme 1 giT e g
m:O J:n’] J:I_’j
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Although the eguation for f appears somewhat frightening, the
equation reduces nicely if k is small. For ex‘ample, if the dimension of
& 1s 6 or G, then respectively,

f= Ya+{t-njy,
T = ¥y+ (s+t-ng)¥,

Using lemma 2.2, we may rewrite these equations in terms of the
number af trails between vertices in the Levi graph. 3Suppose h = (x,X)
and g = {y,¥) are flags. Then

{a) if dim{A) = 6 then {x,yl¥. - [¥, ¥1*, + {t‘”i*”':‘f‘xu"S,&:*.’:' =0,

{bYif dirn{ #) = 8 then {y,x]*3-[x,5]*+ (avt-n o+ DUy, 0% - Is, 11 =0,

These results allow us to classify the tactical configurations with
small dimension. In the smallest dimensions (dim{&1<8), the

restrictions on walks in the flag graph force [kyl: (or [K\¥]:) to be

canstant independent of the pair of points (or blocks) chasen, If
dim{#)>8 then the results are not as compact. (3ee [3], [4], [5], and

[14].) In summary -

Theorem 4.7. Let D = (P, B, F} be & factical configuration with flag
algebra # = Envio,tl. Assume the flag graph is connected. Then
(a) fm{&) < 6 mplies the design is a frivial design,
by Dim{A) = 6 iff D iz a symmetric design.
() Dim{ &) =7 1ff D, or the dual of D, iz a 2-design which iz not
symmetric.

{(d) Dim(&)=81iff Disa 1-1/2 design.
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