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Abstract

A representation theoretic sieve for studying difference sets in a
group G is presented. A number of results of the form: “If G is a
2-group with a difference set D having a homomorphic image G/N of
the form ..., then the distribution of D among the cosets of N is ...
.” are proven using explicit representations over cyclotomic integers.
Corollaries include a celebrated result of Turyn “If G is abelian, then
it has order greater than or equal to the square of half its exponent.”
The (nonabelian) “modular group” of order 64 is shown to possess a
difference set and thus the Turyn bound does not extend to non abelian
groups. This difference set also completes the last case of Dillon’s
program to decide the existence of difference sets in all the groups of
order 64.

1 Introduction

Every nontrivial symmetric design with v a power of 2 has parameters: v =
4u? k = 2u®—u, A = u?*—u, n = u?, by a theorem of Mann [[5], 11.3.17]. Thus,
any difference set in a 2-group has these parameters and is in the parameter
family called Menon difference sets [[5], VI.6.12]. Menon difference sets are
related to certain Hadamard matrices and exist in great numbers whenever
u is a power of 2. In case the group G is elementary abelian, there is an
affine geometry construction and in case G is homocyclic of exponent 4 there
is an elegant construction based on the units in an algebraic extension of the
integers modulo 4.

Dillon [3] has raised the question of which 2-groups G admit difference
sets and his question has been settled for all groups of order 64 except the
“modular group”.

(z,y]2** = y* = 1, yay = 2'7).
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The set A where

So=(+20)1+2* +y+aly+z+2’
geEL

+(1+ 282 +z 2 428z + 2P+ 2%y + 270 + 213y 4+ 2713y

is shown in Corollary (4.8) to be a difference set in this group as announced
elsewhere by the second author and contrary to earlier claims of someone else.
The same methods yield stronger results of the form: If G is a 2-group with
a difference set A having & homomorphic image G/N of the form ..., then
the distribution of A among the cosets of N is ... (Propositions (4.1), (4.3),
(4.6)). Results of this form strongly restrict the search space if one is seeking
out “new” difference sets.

With the concept of a sufficient representation, this paper sets out a rep-
resentation theoretic (NOT character theoretic) framework that can be used
to efficiently seek out (rule out) combinatorial solutions to specific equations
in finite group rings. We hope to return to this rich subject in the future. In
case the group is solvable, this framework can be implemented as a sieve-like
algorithm.

It is a pleasure to acknowledge the encouragement and helpful comments
of especially J. Dillon and R. McFarland. Portions of this work was done
while the first author was visiting T. U. Braunschweig, FRG and MSRI in
Berkeley, California and while the second author was visiting the National
Security Agency Fort Meade, Maryland. The hospitality of these institutions
is gratefully acknowledged.

2 Sufficient Representations

In view of the relative scarcity of results on nonabelian difference sets, it seems
worthwhile to point out that the problem of verifying if a subset A of Gisa
difference set is no less tractable in case G is nonabelian. More precisely, the
problem is equivalent to verifying the difference set equation in each simple
ideal of the complex group algebra CG of G. If G is abelian, there are |G|
simple ideals each of which is one dimensional and each verification reduces
to the computation of the norm of a Gauss sum. If G is not abelian then
each verification reduces to the computation of the norm of a d by d matrix
whose entries are Gauss sums — but the sum of the squares of the degrees of
the matrices that arise in this way is still |G|. Thus the numbe:z of equations
involving Gauss sums that must be verified is always IG1.

The problem of seeking out (ruling out) difference sets in G is equivalent
to classifying the subsets A of G satisfying:

§6(-1) = nl+ Aj in a group ring,

where
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§=3 9,6 =3"g¢"5i=3g,

gea gea geaG

1is the identity element of G and n, A are the usual parameters of the design.
Call a representation ¢ of G sufficient if whenever the equation

@(8)p(61) = p(nl + Aj)

holds then A C G is a difference set. Since the group algebra itself affords
the regular representation of G, the regular representation of G is sufficient.
It is natural to look for minimal sufficient representations. Warning: faithful
representations need not be sufficient.

Example 1 Let z generate a cyclic group G of order 21 and let ¢ be a
faithful irreducible complex representation of G. Then ¢(z) is a complex
21-th root 5 of unity. The faithfulness of ¢ requires that no two elements of
G have the same image under  and is equivalent to the requirement that n
be primitive. Let A = {z*'|i = 0,1,2,3,4,5} and define § as above. Then
©(8)@(6(-1)) = 2 (proof of this is given below). If this representation were
sufficient, it would follow that A is a difference set. But this is impossible
because the parameter condition 20A = (v — 1)A = k(k — 1) = 6 - 5 arising
from the trivial representation fails for A. In order to compute w(8)(6(-1)),
set w =77, and k = !® 4+ 1® + 118, Then

e(6)=(+n+7") +(* + 7’ +7°?) =wr + 0’k = —x,

e(6)p(6Y) = K.

The result follows from the fact that x is the image under ¢ of a difference
set in (23). Q

Theorem 2.1 Let K be a splitting field of characteristic zero for G. Suppose
® is a set of KG-representations such that every irreducible KG-representation
is algebraically conjugate to a constituent of an element of ®. Then p =
S @ is sufficient.

nb. the term algebraically conjugate is defined in [2, p 471].

Proof. Suppose A C G satisfies the required equation in p. Then A7 = A
satisfies the same equation in ¢ for each K-automorphism o. It follows that
A satisfies the critical equation in every irreducible KG-representation, also
in any representation that is a direct sum of irreducible KG-representations.
By Maschke’s theorem, the regular representation is of this type. a

Corollary 2.2 The only groups for which the regular representation is (pos-
sibly) a minimal sufficient representation are the elementary abelian 2-groups.
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Proof. A minimal sufficient representation is multiplicity free, so the reg-
ular representation is too, and G is abelian. If further, no two inequivalent
representations are algebraically conjugate then the group is an elementary
abelian 2-group. a

Of course all of this presumes that a candidate A is in hand. The difficult
problem of coming up with these candidates is being ignored. There really
is no difficulty in finding solutions to the difference set equation in CG. The
problem is that the solutions must represent the sum of a subset of the ele-
ments of G and so must be a “0,1” solution in ZG. It is therefore essential
to keep track of which matrices represent elements of G. Perhaps the major
philosophical point of the rest of this paper is that coefficient ring for the
group algebra can be of great value in fingering A candidates.

3 Cyclotomic Integers

Let 7 = exp(wi/2¢) be the primitive complex 2¢*1 —th root of unity, for ¢ > 0,
and set { = 5°. The structure of the field Q(7) is a classic part of algebraic
number theory cf. [4, Appx E]. This section concerns primarily the ring Z[7)]
of algebraic integers in Q(7)[2, 21.13). It presumes minimal familiarity with
this literature and contains a crucial result Corollary (3.2) which characterizes
the elements of Z{n] having norm a power of 2. This result actually follows
from the well known theorem of Kronecker [5, p 83 line 25; 6, p 321 line 19]
that the only algebraic integers all of whose conjugates are of modulus 1 are
roots of unity; but an elementary direct proof of (3.2) is given here.

The minimum polynomial of 7 over the rationals is 22 + 1, and so {n¥ld €
I} is a Z-basis of Z{n] where I = I(n) = {d € Z| -2¢~! < d < 2¢~!}. Because
we are concerned with difference SETS, it is helpful to refine this Z-basis to
a “natural N-basis” as follows. Write z € Z[7] as:

z = Ezk"]k

kel

If the coefficient z; is negative, we replace zzn* with (—2z;)}(—1)n* by setting
z(k) = 0 and zx+3¢) = zx (where the sign is chosen so that |k + 2¢| < 2¢).
Otherwise, define zx) to be zi. Thus z is expressed uniquely as:

z= ZZ(k)n" where zx)y € N.

The strange function

(3 : Z[n] — Z[¢) defined byZz(k)nk—(z—)»ZZ(k)("

plays a role in the combinatorial representation theory of 2-groups. This map
is NOT even a Z-homomorphism, but it does provide a convenient way to
enumerate representations. Indeed, if ¢ is a monomial matrix representation

*
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cf.[2, p 314] obtained by inducing a linear representation that takes values in
Z[n), then so is »(?), where tp(z)Sg) has i, j entry the image of the i, j entry
of ¢ under (3), Warning, since (?) is not a ring homomorphism, this recipe
works only for ¢ € G, NOT for arbitrary elements of ZG.

Let R denote the real elements of Z[(] and £ denote the complex conjugate

of z.

Denote the Z[(]-ideal (1 — ¢) by P and observe that both { and —( are
powers of (, so P = P = ((+1) and P? = ((?—1), whence P?'"' = (~1-1) =
(2). For =z € Z[(], define the P-adic valuation, v{z) to be the largest integer
k such that z € P¥, Since Z[(] is a Dedekind domain (2, §18, (21.13)], this
function is a valuation [2, p 115]. Observe that whenever a, b, ¢ € Z[{] and

(3.0.1) a-+b=c, the minimum of {v(a), v(b}, ¥(c)} cannot occur just once.
A second simple property of this valuation that we will find useful is:

(3.0.2) For z = EiEI(c)z;C‘ € Z[{), v(z) > sv(2) if and only if each z; is
divisible by 2* .

In case v(z) < v(2), v(z) carries information about where z lies in the unique
chain of ideals of the finite local ring Z{(]/(2) and this is the basis of a type
of “parity argument” that appears in the proof of Proposition (4.7).

Lemma 3.1  a. Each of the elements z € Z[(] for which zn is purely imag-
inary is in P.

b. If z € R, then v(z) is even.

c. Suppose la+bn| = 2™, for a, b€ Z[{], 0 < m € Z. Thena =0 or
b=0.

Proof Part a. Write

m=) anin€l
kel

as a Z-linear combination of basic powers of 7. By hypothesis, z € Z[(], so
zx is zero for k even and the coefficients z; and z_; sum to zero. Thus

p= Y At -nh) = LAt -ePp

0<k€I(n),kodd

since (¢ — 1) divides (¢* - 1). .
Proof Part b. follows if it is established that any real element w of P**~
is also in P?*. Write w = (1 — ¢)?*~luz, where u is the unit {¥~! in Z[(].
Then, by choice of u, 27 is

Proof Part ¢c. Now argue part ¢ by contradiction, and assume a # 0 # b.
Observe that # = n(¢, so

2*™ _ ag — bb = (@b + ab()7.
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If ab+ab # 0, then this equation implies that 7 is in the quotient field Q(¢)
of Z[¢]. But the minimal polynomial z?' + 1 of 7 has degree greater than
the dimension of Q({)over Q. Thus @b+ ab{ = 0. This implies that aby is
purely imaginary and so @ = (1 — {)w for some nonzero w € Z[({], by part a.
Moreover w € R, so v(w) is even by part b.

Consider the values of v(z) for each of the three terms of the equation:

22m — a3 + bb.

Since both terms on the right hand side are positive numbers in R, neither
is divisible in R by 2?™. The term on the left hand side generates P*, where
s = (2m)(2~'), so this implies that the highest value of v occurs on the left
hand side. By (3.0.1), the two terms on the right hand side have the same
value of v. And, since P = P, v(a) = v(@) = v(b) = v(b). Therefore v(ab)
is even, whence w in the last paragraph has v(w) odd. This contradiction
establishes the lemma. 0

Corollary 3.2 If z € Z[n] has length 2™, n > 0, then z = 2"n* for some k.

Proof. Write z = a+ b7y for a, b € Z[¢]. By Lemma (3.1 c) either a or b is
zero. Multiply z by 7 if necessary so that b = 0 and appeal to induction on ¢
ift>1. o}

4 Homomorphic Images of Difference Sets

One of the the reasons the study of difference sets requires techniques apart
from standard group theory is that it is not inductive. Just because a group
has a difference set is no guarantee that your favorite subgroup or homomor-
phic image has one too. This section shows that careful attention to the ring
of coeflicients can mitigate this difficulty.

Proposition 4.1 Let G be a 2-group of order 4u® > 4 that possesses a dif-
ference set A. Suppose N < H are normal subgroups of G such that

G/N=Ax H/N and H/N is cyclic of order 2t+1 and generated by z.

Assume that A is abelian of ezponent < 2t+1. Let K = NUNz where z = z%°.
If |Al < u, then [Kg N A is even for each g € G.

Proof. Let nbe a primitive 2¢*! —th root of unity and I = I(#) the basic in-
dex set for 7. By assumption, all absolutely irreducible G/N-representations
in characteristic 0 may be written over Z[y). Let x be a character of A and
consider the tensor product x ® 7 character of G defined by

x ® 1(g) = 1" x(a(g))

—*
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where a(g) € 4 and k(g) € I(n) are defined by Ng = z*(9)a(g). Then

x®nB)= S n*@x(a(e)) = 3 x(a) > {ldnatal—|anztalint .

gEA aEA kel(n)

Since 7 is primitive, x ® 77 is not the trivial character of G. It therefore
satisfies:

u? = x® 7(6)x ® n(6C1) = x @ n(8)x ® n(6).

By Corollary (3.2)
x @ n(8) = un’ for some s,

whence
x®n(6)=0 {mod u)
in Z[n). Now consider the system of linear congruences:
E x(a) Z {lanz*a| — |ANzztal}nt = (mod u)

acA k€lI(n

as x takes all values. This system of linear congruences has the character
table Ch(A) of A as its coefficient matrix and the expressions {|A N z*a| —
|A N zz*a|}n* as variables. By the orthogonality relations cf. [2, 31.15 p 221]
for group characters, |A|Ch(A)~* has coefficients in Z[n]. It follows that

> {lanzke - |A N ze*al}nt = (mod u/|Al)
kel(n

in Z[y], for all a € A. Now 2 divides u/|4], by hypothesis, so the Z-
independence of {#*lk € I(n)} implies:

(4.1.1) |ANNg|~|ANNgz| = 0 (mod 2)
for all g € G. Finally,

|AﬂKg|=|AﬂHg|+|AﬂHzg|EIAﬁHg|—|Aﬁng|, (mod 2)

[m]

and the proof is complete.
It seems plausible that the assumptions that A is abelian of ex.ponen.t...
might be omitted by working with the group algebra of A and not just with

characters.

Corollary 4.2 (Turyn [6, Corollary 2 p 333; 4, 4.34(1)]) If G is an abelian 2-
group with a nondegenerate difference set A and with order 4u3, then exp(G) <

4u.
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Proof Suppose not, and let H be a maximal cyclic subgroup of G and
observe that the hypotheses of Proposition (4.1) are met with N = 1. By
(4.1.1), g € A if and only if gz € A. Whence z appears as a difference |A|
times and the design is degenerate. a

A construction of Dillon shows that the abelian 2-group with elementary
divisors 4,1,1, has a difference set, so the hypothesis [4] < u cannot be relaxed
and our Proposition (4.7) shows that the abelian hypothesis is essential to
this result.

Proposition 4.3 Let G be a 2-group of order 4u? > 4 that possesses a dif-
ference set A. Suppose N is a normal subgroup of G such that G/N =

(z, y|z®™ = y® = 1, yzy = =~ 1) is dikedral of order {m. Then thereish € G
such that |ANNhg|—|ANNhgz™| equals u or 0 depending on whetherg € N
or not. In particular, |[N| > u.

Proof. Take 6 and 6(~1) as in section 2, let 77 be a primitive 2m-th root of
unity and set I = I(%), { = 7* as in section 3. Consider the representation
of G over Z[n] defined by:

oery= (7 3)owtmi=(§ g)inen

Observe that the kernel of ¢ is N, so ¢ is also a representation of G/N.
Identify each gN/N € G/N with the associated N-coset gN in G, so that the
elements of G/N are subsets of G. Define a, b € Z{n)] by:

a= ZIA(\:"IU‘ , b= ZIAF‘I:‘yIn‘.
b
a
and

p(60D) = S lan e + Y AN ylp(™) = (b 3) '

Then

o R

o(6) = (

The difference set equation uw2l; = @(6)p(6(~1)) has (1,2) entry 0 = 2ab.

Whence, by (3.2), {a,b} = {0, un*} for some k. Choose h € G so that
@(6) = up(h). The claim follows from the independence {n|d € I} as in
Proposition (4.1).

The following notation will hold for the rest of this paper. The group G is
a 2-group of order 4u? having a difference set A and N is normal in G where

G/N = (=, ylz* = V=1 yay= a:Hzf); f=2"11>3.

Let 6, §(-1)) be as in section 2 and take ¢, 7,(, I, and (2) as in section 3.
Again identify elements of G/N with the associated N-coset in G. Define
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subgroups of G by Hy = (zzh)N for k=0,1, ..., t+ 1. Abuse notation so

that H, also denotes the sum deH. g . Since Hj is normal in G,

Hy§ =6H, = Z |AN HiglgH.
g€G/Hu
Finally, for each g € G, set gx = |A N Hyg|.
It seems plausible that knowledge of the structure of G/N (but no hy-
pothesis on N) is strong enough to determine A/N. Our goal is more limited

and is to obtain information about the numbers {gx} from the representation
theory of G/ Hjy.

Lemma 4.4 Define ¢ : G — Mat(2, Z[n]) by ¢(zh) = (8 —07)> , plhy) =

((1) é) ;h € N. Then the direct sum

Poventhaue
PGB?(?)@"‘@‘P&).“@)

s a sufficient representation for G/N.

Proof. By Theorem (2.3) itis enough to show that every complex irreducible
representation of G/N has an algebraic conjugate as a constituent of this
direct sum. The representation ¢ ® C is an irreducible representation of G/N
over C, and it has f algebraic conjugates. The sum of the minimal two-sided
ideals in CG associated with algebraic conjugates of ¢ has dimension 22(f).
The dimension of the sum of the minimal two sided ideals in CG associated
with all other G/N-representations is |G/N|— 22(f) = 4f, which happens to
be I(EG%’)_'! Al remaining irreducible G/N-representations are linear.

The (¢t + 1) — th(®)-power of p takes z to the identity matrix and has two
linear representations (z — 1,y — 1;z — 1, y — —1) as constituents and
no algebraic conjugates. For k < ¢, the k — th (®)_power, w(z)h of ¢ has the

form:
¢(z) = (‘3 2) ¢(y) = ((1) (1))

where a = 17(2)‘ is a primitive 2'~F — th oot of unity. It has two linear
representations
z—a,y—lLz—a,y— -1

as constituents and has (Euler phi function) @(2¢t+*~*) = 2¢~* algebraic con-
jugates. Thus the indicated direct sum accounts for

k=1 k=2 k=t k=t+1
Te1) | a(t-2) N
22t-V 42Ny .01 + 71 | =4f

distinct linear representations of G. 0
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Lemma 4.5 a. The (t + 1) — th(})-power p of ¢ satisfies:
a b 2 32
p(8) = b a where {a,b} = {u?, v? — u}.
b. 1<k <t, and the k — th(?)_power, go(z)k of p,

(2)* _ 14_ a? +af af — af
1 4 (6)_2(ap_ap ap+aq )

for a =5?" and some integers p, q.
¢. By replacing § with &g for some g € G we may suppose detp(8) = u?,
Then the difference set equation for ¢ is equivalent to:

a=a,b=-b, ¢ = —¢, d¢ =d, and uzzaz—bz—c2(’+dzc.

where

a= ZIAO:“IC", b= ZIAﬂz”‘le",
c= Z A mz2k+1|<k’ d= Z IAO:”‘“y!(".

'Proof. In‘case a.,a = |AN(z)| = lpand b = |AN(z)y| = yo, in the notation
introduced just before lemma (4.4). The result follows from the difference set
equation

wll + (207 — w)2u’T; = p(6)p(6C" V) and a+b = |A| = 2u? — .
In case b., set p = ()" and observe that
s N A
p(&):(t a) where s = Ea,t:EaEZ[a],
zSEA zyeA

Since p does not have the trivial representation as a constituent, the difference
set equation u?l; = p(6)p(6(~1)) is equivalent to:

8§+t = u? si+ 35t =0.
By Corollary (3.2) twice,

s+t=uaf, s -t =ua’
for some integers p and gq.

a+cn b+dy

b—dn a- 077). Since dety(8) € Z[(]

In case c., observe that p(§) = (

and

det(u?l;) = det(8)p(51)) = detp(8) det o(3),

*
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Corollary (3.2) implies that det@(8) has the form u?¢* for some k. Replace
A by (zy)~*A. Then A remains a difference set but det (6) = u?. Now the
difference set equation implies

a+en b—dn) _ SV = u o(s)-1= ( a1 —b-dy
(b+dn aocn) =T =w e = g aten
by the cofactor expansion of the inverse of a 2 by 2 matrix. Comparison of
the entries in this matrix equation yields a linear system having the first four

equations as solution. The final equation is the determinant of ¢(). {
In case N = 1, Lemma (4.4) and the definition of sufficient representation,

imply that A is a difference set in G if and only if § simultaneocusly satisfies
all of the conditions of Lemma (4.5). In order to construct A, it is natural
to work one’s way from k = e+ 1 down to k = 1. This seems to lead a
to a proliferation of cases and does not seem to be the best organization.
This organizational issue is the starting point of “The inversion formula” a
forthcoming manuscript by the first author. We give a non-existence result
rather like Proposition (4.3)

Proposition 4.8 Let G be a 2-group of order 4u? having a difference set A.
Suppose N is normal in G and

G/N = (z, ylz¥ = * =1, yey = 2'+¥); f =271 ¢ > 3.

Then u/2 divides |& N gN{(z?5)| — |A N gzf N(z?)| for each g € G. In
particular, |[N| > u/4.

Proof. Observe that

_(A+C¢ B+D¢
“’(2)(6)‘(B+Dc A+C(>’

where

A= Z Czk, B = Z <2k, C = Z C2k’ D= Z C?k.

anA Z"'yEA z:"*‘EA 23"+‘yEA

Lemma 4.5b, asserts that there exist integers p, ¢ such that
u
A+ CC=S(7 47, B+DC =3¢ =),

It follows that u/2 ||A NgN (z?/)| — |A N g2/ N(2?/)]. 0

Proposition 4.7 Suppose N =1 and u =4 in a group G as in ({.6). Then
there ezists g € G, 21, 22 € Z(G) =< z := z!® > and integers p, ¢, u, j, t
such that

§g = (1+ 2" + 2% + 2Py + 298y + (1 + 2%)z¥)+
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(z '+ 2P (I +ny) +2 Y1 + z21zy) + 2 (23 4 y) + 27 Y22y + vl
Moreover
i=1 (mod 2)
and
{pgu}={2t+1,2t-1,2+2} or {2t +1,0,4}. {(mod 8)

Conversely, each solution to this system of congruences for which & is a sum
over a subset of G gives rise to a difference set A in G.

Proof. Recall H; = (zzh) and that Hj also denotes EQEHA g,k=0---4,

Moreover
H b = Z gr{gHy), where g, = |A N Hygl.
gEG/Hy,

By Lemma (4.5 a), 1o = |A N Ho| is 16 or 12 and any set satisfying this
condition solves the difference set equation for p.
As in the proof of (4.6), the case k = 1 of Lemma (4.5 b) reads:

( PR [?‘4 - z‘:+84]Ci . ZL‘,[z"y; - z‘+8y4]C‘> = (5
Yilztys — 2ttt T [ —atteye ) T ¥

_2(CP+CQ CP_CQ)
- CP—(CY P49 )

for some integers p,q. Since 2 = [Hy| > g4 > 0, forall g € G, p # ¢ and this
implies:

2=aPy =2 = 2Py, = 2918y,
(4.7.1) 0= Ip+84 = zq+84 = zp+8y4 = mqy4

gs = z84g for all other g € G/H,.

The first four equalities imply that A D 2P H, U 29H4 U 2PyH, U 298y H,;
the second four equalities imply that ¢ = AN (P8 H U9 HyUzPT8yH U
z%yH,); and the last equality of (4.7.1) implies:

If g € A then exactly one of gz® or gz®z'® = gz is too.
Therefore there is a set IV of 10 elements of G such that:
: /
§=(14+2'%) (2P + 27 + 2Py + 29 8y) + (2* + =79 (Z g) .
ger’

But the element z!® of G appears as a difference of elements of A exactly
12 (the design parameter A ) times. Thus there are 6 H4-cosets contained in

———-—*-——-—
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A. It follows that 2 of the elements of I’ form an Hy4-coset. Thus there exist
u,v and 8 elements I’ of G such that

§=(1+ 2P + 294 2Py + 98y + (1 + 28)2¥y* ] + (2 + 7%y,

where v = (Eger‘g) .

Note that all 12 - 2 differences of elements of A that equal elements of
Hg — H4 are now accounted for by (1 + z®)(1 + 28)z%y" + (z* + 27 *)7, and
consequently:

NO TWO ELEMENTS OF I" ARE IN THE SAME H;3;-COSET.

Now |[HoNA| = 12 or 16, by the first paragraph of the proof and any such

é of the form

§=(1+2"%)[2P + 29 + 2Py + 293y 4+ (1 + 28) 2" ] + (= + 27 %)y

satisfies the difference set equation for p @ (3.

Since ¢(z?) = i, ¢(6) = 0+ (¢* + {~%)¢(7). Replace A with Ag as in
Lemma (4.5.c), so that dety(§) = 16. Next replace A by Az®y if necessary
so that

v=0

and note that dety(8) is unchanged and that |Ho N T'|is 2 or 4. We have:

A
(341 2247 i = oot = o (5757 2421,

and

A=Y ¢B= 3 (o= 3 ¢¢D= ) ¢t

PELYS z3hyel zId+1eD z3h+iyel

Since ¢% + ¢~? is real, the complex numbers denoted by upper and lower
case letters a, b, ¢, d have the same argument. Thus, the first equation of
Lemma (4.5 ¢) leads to A = 4 and so, 2 el >z el or¢te A=
¢™* € A, where (* € A is to be read “¢* appears in the sum A”.

Similarly, the next three equations of Lemma (4.5 ¢) give: B = —B and
so z8t*y eI = 28" 2%y e I oriC* € B = i("* ¢ B. (C = —C and so
2842+l e P oy 2821 e Ty or ik e C = i¢™* 1 € C.¢D = D and so
ety e Pz~ lyeTyor¢*e D= (%1 eD.

The ideals (1 — ¢)!° and (2 + 2¢?) are equal. Consequently the ring R =
Z[¢]/(2 + 2¢?) is of order 2!° and has characteristic 4 { ¥(4) = 16 > 10).
Further, R has the endearing feature that no two distinct powers of { are
equal in R. We will use R as the setting for a parity argument to show that
each of the sums 4, B, C, D has exactly 2 terms.

Since, for example

[(Ca +<—a—1)+ (Cb +C—b—1)]2
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- CZa +(—20—2 +C25 +C—-2b—1+4c—1 +2(Ca +C-—¢—1)(Cb +C—b—-1)
= C2a+<—2a-—2+czb+c—2b—-2 (mod 2"}“2(2)

the last equation of Lemma (4.5 c)
16/2 = (a? — b — ¢3¢ + d%¢)/2 = (¢* + ¢~2)(42 — B? - C*¢ + D*()
reduces to
0=(¢*4)* ~ (¢?B)* ~ (¢*C)*¢ + (¢*D)*%¢ (mod 8)
0= 37¢¥ ¢4 4 3 (Ut 4 U

where the first summation arises from terms appearing in the sum A or B
and the second summation arises from terms appearing in C or D.

The first sum has only even powers of { while the second sum has only
odd powers of {, so the two sums must be each equal 0 in R. Moreover, no
two powers (%, ¢® arising from the same element of{4, B, C, D} can have
quotient +1, since no two elements of I' are in the same Hjg-coset.

The sum arising from A and B cannot have terms of the form (*+ ¢~ =
0 € R. The first sum must therefore have four terms and be of the form
(C2+¢2) 4+ (¢® +¢78). If one of A, B is an empty sum, then the the other
sum contains distinct powers of { whose quotient s £ 1, so both A and B
have two terms and:

(mod 2+ 2¢%)

(A = £(B)* = 2(¢? +¢7%). (mod 2+ 2¢3)

It follows that {z27, z=3/, z2* 28y, z‘z"zsy} C T for some odd j, k. The
equality
8 = (CZ +<-2)(A2 _ BZ - CIC + D2<)

is not satisfied unless j = k + 4 (mod 8) too. Thus, for some odd j and,
2z = 12k+8-2j (E (216)),

the set
{2, 27% 2%y, 27 ¥ 22y} isin I.

The sum arising from C and D must have the other four terms and be the
sum of two expressions of the form £(¢ +¢™*) or 2(¢% + ¢~3). I one of the
sums C, D is empty, then both forms appear and they cannot sum to zero.

Thus
(C2C)%¢ = —(C*D)2C e {£(C+ ¢, £ +¢73)). (mod 2+2¢?)

1t follows that {zza+1zs‘ z-z»-lza, z2¢+1y, z—?t—ly} ¢ I where s = t + 4
(mod 8). And, for z; := 2?*¥8-2¢(g (2'9)), the set {¥**1z;, 2% 11z,
3+, . —3t-1.) 1ot

z v T y}isin T.
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The difference set A is now normalized so that é has exactly the form
claimed in the proposition. Moreover any A of this form for which j is odd
satisfies the difference set equation for ¢ @ »(?) @ p.

Consider next ¢(%). Since p(9)(24) = —1, p{*)(z;) = 1, and

p(6) = 260 [(2P+27) (14+3)+22% )20z +2 =5 422+ 12~ 1) (14y)].
But j is odd, so ¢{*)(z% + 2~%) = 0. Lemma (4.5.b) implies that there is e,
f such that

2e 2f 2 __ r2f 1
(E22f§2f §2¢ +§z;) = E‘P“)(‘s)

C2p + CZq 2(214 + CZp + C2q 1 1

2p 29 2u 2p 2q
=<C +¢* +2¢ ¢ +¢ >+i,<2(1_i)<1 1)‘
Compare the sum of the entries in the first column of these matrices,
(4.7.2) €3¢ = (%P 4¢3 4 (% 4 48¢2(1 — i), for some e.

The difference set equation for o{*) is satisfied only with f = u and with
any solution of this equation. Therefore any A for which é has the claimed
form with j odd that also satisfies (4.7.2), in fact satisfies the difference set
equation for ¢ @ ¢(?) @ ON-'W)

In a similar manner ¢(®(z?) = —I, so

B (2t 4+ 27271y = 0 and BNz +27¥) = 27,

since 7 is odd. Lemma (4.5.5) implies that there is f, g such that
i +i9 i -t 1
(if—ig i) = 3900
_ P+ 19 + 2 ? 4+ + -2 -2
- P + 19 2% + P + 9 -2 =2

Comparison of the sum of the first columns of these matrices leads to:
(4.7.3) i/ = 4+i7 4 — 2, for some f.

The difference set equation for ¢(8) is satisfied only with ¢ = u and with
any solution of this equation. Therefore any A for which § has the claimed
form with j odd that also satisfies (4.7.2), and (4.7.3), in fact satisfies the
difference set equation for ¢ ® g <p(4) @08 @ p.

The sum of the first columns of the two expressions for ¢(1%)(§) that arise
from Lemma (4.5 b) yields

(4.7.4) (=1)¢ = (=1)? + (=1)9 + (—1)*, for some g.
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Any solution of this equation extends to a solution of the difference set equa-
tion for ¢(18). Therefore any A for which &§ has the claimed form with Jjodd
also satisfying (4.7.2), (4.7.3), and (4.7.4), satisfies the difference set equation
for p @ ® P @ W o <p(8) ® o119 @ p. By Lemma (4.4) this is sufficient.

Condition (4.7.4) is satisfied whenever p, ¢, u do not all have the same
parity and condition (4.7.3) has a solution of this type if and only if the

multiset
{7, 49, #} = {1, 1, ¢} or {1, 5, —*},

for some integer k. (To see this easily, observe that i + 7 + i¥ is a Gaussian
integer at distance 1 from 2, so we seek “walks on a grid” of length 3 joining
the origin to 2.) The condition (4.7.2) may be rewritten:

C2¢ - <2p+<2q+c2u + \/2 it ,
for some e and has general solution:
{C2p, C:q, C2u} — {itcz’itc—2, C2k} or {itCZ or i¢C-2, Cu, - C2k}1

for some integer k. The simultaneous solutions to {4.7.2)-(4.7.4) are of two

types:
{p,q,u} = {2t + 1,2t - 1,4k}, {2t +1,0,4} (mod 8)

for some integer k. 0
Corollary 4.8 Let G be the “modular group”

(g, yle®* =2 =1, yzy = z17).
Then the set A is a difference set, where

Zgz(l+z‘3)[1+z‘+y+z”y+z+z"]
gea

+ (1+zs)[:2+:1:'2+23(:c5+z‘5+21°y+:_1°y)+a:13y+z‘13y].

Proof. Setp=-4,9q=0,u=-3,7=1,¢t=6, 2z, = z3 = 1 in Proposition
(4.7) and multiply the result by z* on the left. |
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