Idempotents in the integral group ring
(Notes, University of Richmond, 2005-2006)
Jim Davis, Ken Smith

April 16, 2007

Contents

1 Motivation for group theory in combinatorics
1.1 A Fundamental Example. . . . . . . . . . .. ...
1.2 Difference Sets . . . . . . . L
1.3 The combinatorial motivation for using group theory . . . . . . ... .. ... ... ...
1.4 Cayley Graphs . . . . . . o . e
1.5 Summary . . . ... e e e e e

2 Group Rings

2.1
2.2

2.3

2.4

2.5
2.6

3.1

3.2

3.3
3.4

Motivation for introducing group rings . . . . . . . ... Lo oo
The group ring R[G] . . . . .« o o o i
2.2.1 Aninner product on R[G] . . . . . . .
2.2.2  Subsets as group ring elements . . . . . ... Lo oL
2.2.3 Equivalence of group ring elements . . . . . . .. ... L oo
Homomorphic Images of G. . . . . . . . . .. L
2.3.1 The canonical lift of a homomorphic image . . . . ... ... .. ... ... . ...
On idempotents . . . . . . . . . . . e
2.4.1 Integral bases for Z[G] . . . . . . . .
Difference sets, from the group ring point of view . . . . . . . . . ... .. ... ... ..
Equations In A Group . . . . . . . . . e
2.6.1 Distance Regular Graphs . . . . . . . ... .. L
2.6.2 Difference Sets, Relative Difference Sets, Perfect Ternary Arrays . . . ... . ...
2.6.3 Packings and Coverings in Groups . . . . . . . . . . .. ...
2.6.4 Matrices with constant linesum . . . .. . . ... ... .. Lo L.
2.6.5 Factoring Groups and other projects . . . . . . . . . ... ... ...
2.6.6 Research projects . . . . . . . . ..
2.6.7 SUmMMAry . . . . ..o e e e e e
3 Group Characters and Their Idempotents
Basic facts about representations . . . .. .. ... Lo oL
3.1.1 The Fourier transform . . . . . . . . . . .. ...
The idempotent associated with a character . . . . . . . . ... . ... ... .. ......
3.2 1 Aliases . . . . ... e e
3.2.2 An equivalence relation on characters . . . . ... ... .. ... ... ... ...,
Galois theory and characters . . . . . . . . . . . . ...
Nonabelian Groups . . . . . . . . . . . . . e
Some Examples . . . . . . . ..

3.5

—
— = © 00

—

12
12
13
14
14
14
15
15
16
18
19
19
20
21
21
22
22
23



CONTENTS 9

4 Basic algebraic number theory results 30
4.1 Some factoring results . . . . ... Lo 30
4.1.1 Factoring in cyclotomic rings . . . . . . . . . ... Lo 31
4.1.2 Division in Z[G] and valuations in Z[Cpm] - -« - o oo oo 32

4.2 The critical equation 66 =n . . . . . . ... 32
4.3 Constructing difference sets from idempotents . . . . . . . . .. . ... ... ... ... 32
4.4 Schmidt’sresult . . . . . . . L 34
4.5 Canonical aliases for X € Z[G] . . . . . . . . 35
4.5.1 The lift of a homomorphic image . . . . . . . ... ... ... 0L 35
4.5.2 The canonical lift of an algebraic integer . . . . . . . .. ... ... oL 35

4.6 Examples . . . .. e s 37
4.6.1 Factoring 2 . . . . . . .. L 37
4.6.2 Factoring 3 . . . . . . .. L 37
4.6.3 Factoring b . . . . . . .. L 37

4.6.4 Factoring 11 . . . . . . . L 38



